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Résumé 
Cet article propose une nouvelle structure pour le calcul de la “Value at Risk” ajustée de la liquidité 
des marchés, appelée également LVaR. Le modèle présenté dans cet article est fondé sur une 
extension des travaux de Almgren et Chriss (1999 et 2000) qui portent sur des règles optimales de 
transaction dans un univers de sélection moyenne-variance. Au contraire du modèle d’Almgren et 
Chriss, nous exprimons ici la dynamique de prix sous la forme de taux de rendement et nous laissons 
les différentiels de prix entre l’achat et la vente et les impacts de prix dus aux transactions varier au 
cours du temps. Les résultats numériques montrent que notre formulation produit des résultats 
significativement différents de ceux d’Almgren et Chriss. Nous proposons également une formulation 
pour le calcul de la LVaR d’un portefeuille.  

Mots-clés 
Bid-ask spread, Liquidity adjusted value at risk (LVaR), Portefeuille LVaR; Price impact, Coût de 
transaction 

Summary 
This paper proposes a new framework for the calculation of liquidity adjusted value at risk, or LVaR. 
The model presented in this paper is extended from Almgren and Chriss’s mean-variance optimal 
trading approach (1999 and 2000). Contrary to Almgren and Chriss’s model, we express price 
fluctuation dynamic in terms of return and allow variations for both bid-ask spread and price impact. 
Numerical experiments show our formulation provides results significantly different from Almgren and 
Chriss’s solution. We then extend the model to calculate the LVaR for portfolios. 

Keywords 
Bid-ask spread, Liquidity adjusted value at risk (LVaR); Optimal trading solution, Portfolio LVaR; Price 
impact, Transaction cost
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Introduction 
Developed over the last couple of decades, Value at risk (VaR) models have been widely used 
as main market risk management tool in the financial world. VaR estimates the likelihood of a 
portfolio loss caused by normal market movements over a given period of time. However, 
VaR fails to take into consideration the market liquidity impact. Its estimate is quite often 
based on mid-prices and it assumes that transactions do not affect market prices. Yet, large 
trading blocks impact prices and trading is costly. To overcome these problems, some 
researchers have proposed the calculation of liquidity adjusted VaR (LVaR). Different from 
the conventional VaR, LVaR takes both the size of the initial holding position and liquidity 
impact1 into account. In this respect, LVaR can be seen as a complementary tool for risk 
managers in need of estimating market risk exposure and unwilling to disregard liquidity 
impact. Extended from Almgren and Chriss’s optimal trading model (1999 and 2000), we 
here present a new framework for the calculation of liquidity adjusted VaR. 
 
Bangia et al. (1999) proposed a practical but simple solution that is directly derived from the 
conventional VaR model in which liquidity factor is expressed as the bid-ask spread. While 
this approach avoids many complicated calculations, it fails to take into consideration 
endogenous liquidity factors. Hence, liquidity risk and LVaR are underestimated. 
 
A more promising solution for LVaR estimation stems from the derivation of optimal trading 
strategies, as suggested by Almgren and Chriss (1999 and 2000). In their model, Almgren and 
Chriss adopted Holthausen, Leftwich, and Mayers’s (1987) permanent and temporary market 
impact mechanisms, and assumed linear functions for both of them. By setting a sales 
completion period externally, they derived an optimal trading strategy defined as the strategy 
with the minimum variance of transaction cost, or of shortfall, for a given level of expected 
transaction cost2. With normality distribution, and mean and variance of transaction cost, 
LVaR can also be determined and minimized to derive optimal trading strategies. In this 
setting, LVaR is to be understood as the p-th percentile possible loss that a trading position 
can encounter when liquidity effects are incorporated into the risk measure computation. 
Later, Almgren (2003) extended this model by using a continuous-time approximation, and 
also introduced a non-linear and stochastic temporary market impact function. Another 
alternative is the liquidity discount approach presented by Jarrow and Subramanian (1997 and 
2001). Similar to Almgren and Chriss’s approach (1999 and 2000), it requires that the sales 
completion period be given as an exogenous factor. The optimal trading strategy is then 
derived by maximizing an investor’s expected utility of consumption. Note that both 
approaches require externally setting a fixed horizon for liquidation. Aiming to overcome this 
problem, Hisata and Yamai (2000) extended Almgren and Chriss’s approach by assuming a 
constant speed of sales and by using continuous approximation. They could derive a closed-
form analytical solution for the optimal holding period. In this setting, the sales completion 
time thus becomes an endogenous variable. Yet, Hisata and Yamai’s model relies on the 
strong assumption of a constant speed of sales. 
 
For Krokhmal and Uryasev (2006), both Almgren and Chriss’s or Jarrow and Subramanian’s 
solutions are unable to dynamically respond to changes in market conditions. They therefore 
suggested a stochastic dynamic programming method and derived the optimal trading strategy 
by maximizing the expected stream of cash flow. Under their framework, the optimal trading 
strategy becomes highly dynamic, as it can respond to market conditions at each time step. 

                                                 
1 Liquidity impact is commonly subcategorized into exogenous and endogenous liquidity factors. The former is 
normally measured by the bid-ask spread, and the latter is expressed as the price movement caused by market 
transactions (see Bangia 1999).  
2 Or inversely, a strategy that has the lowest level of expected transaction cost for a given level of variance. 
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However, stochastic programming makes their model quite complicated, which in turn 
dramatically lowers its potential for practical application. Another stochastic programming 
methodology for LVaR estimation can be found in Bertsimas and Lo (1998). Analytical 
expressions of the optimal execution strategies are derived by minimizing the expected 
trading cost over a fixed time horizon.  
 
The methodology presented in this paper is extended from Almgren and Chriss’s framework 
(1999 and 2000). Both exogenous and endogenous illiquidity factors are taken into account. 
The former is measured by the bid-ask spread, and the latter is expressed by linear market 
impact functions related to the quantity of sales. The model in this paper is built in a discrete-
time manner3, and the holding period is required to be determined externally. The permanent 
and temporary market impact mechanism proposed by Holthausen, Leftwich, and Mayers 
(1987) is adopted to formulate the market impact, and both permanent and temporary market 
impact are assumed as linear functions.  
 
A methodology to calculate the portfolio LVaR is also proposed in this paper under the 
assumption that selling one specific security does not affect the prices of the other securities 
included in the portfolio. Finally, an approximation method is presented to enhance the 
computing efficiency of the portfolio LVaR model.  
 
The paper is organized as follows. The single asset LVaR model is presented in Section two, 
and the corresponding case study and numerical examinations are performed in Section three. 
In Section four, the single asset LVaR model is extended to calculate the portfolio LVaR and 
an approximation method for portfolio LVaR calculation is proposed. Section five concludes 
and proposes future research directions.  
2 LVaR Model  
The model proposed in this paper is based on Almgren and Chriss’s approach (1999 and 
2000). While their model has shown to be an interesting methodology to calculate liquidity 
adjusted VaR, it also relies on a set of questionable hypotheses—arithmetic random walk for 
price fluctuation, constant bid-ask spread, and constant market impact coefficients. We here 
focus on relaxing these assumptions with the aim of improving accuracy of the LVaR 
calculation. First, we formulate the price fluctuation in terms of return. Second, we assume 
random variations of both bid-ask spread and market impact coefficients into the LVaR 
model.  
 
We assume a trader sets his holding period T, externally. This holding period is itself divided 
into N intervals of equal length, τ = T/N. The trading strategy is then defined as the quantity 
of shares sold in each time interval, that is denoted by n1,…, nk,…,nN, where nk is the number 
of shares that the trader plans to sell in the kth interval. Inversely, the quantity of shares that 
the trader plans to hold at time tk = kτ is denoted by xk. Suppose a trader has a position X 
(shares) that needs to be liquidated before time T, we thus have: 

1k k kn x x−= −  

1

N

k
k

X n
=

= ∑
 

                                                 
3 Although it is much easier to derive a closed-form analytical solution by using the continuous approximation 
(see Hisata and Yamai 2000, e.g.), the discrete-time model better fits reality, because a trader could not make 
sales in a continuous manner. In addition, a time interval τ might have to be long enough for the restoration of 
equilibrium. Continuous-time models cannot deal with that. In that respect, it becomes inconsistent with the 
assumption of the permanent and temporary market mechanism. 
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1 1

, 0,..., .
k N

k j j
j j k

x X n n k N
= = +

= − = =∑ ∑
 

Following Almgren and Chriss (1999 and 2000), we assume price fluctuation follows a 
discrete-time arithmetic random walk. Yet, we express it as a return generated process, as 
shown in equation [2-1] below. This new formulation helps circumvent some of the well 
known drawbacks of the arithmetic random walk process4. 

0
1 1 1

1 [2 1]
k k k

j
k R R j

j j j

n
S S gμ τ σ ξ τ τ

τ= = =

⎛ ⎞ ⎛ ⎞
= + + − −⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠
∑ ∑ ∑  

Sk is the equilibrium price after a sale, and S0 is the initial price. μR and σR are the mean and 
standard deviation of the asset return series, respectively. The last term, g(nk/τ), describes the 
permanent market impact from a sale.  
 
However, it is assumed a trader cannot sell at this price. Due to a temporary market impact, 
the actual sale price is lower than this equilibrium price. Even though the formulation of 
actual sale prices is still debated5, we here adopt Holthausen, Leftwich, and Mayers’s (1987) 
framework with: 

[2 2]k
k k

nS S h
τ

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

%  

where h(nk/τ) denotes the temporary market impact caused by selling nk shares in interval τ. 
This temporary impact on price is assumed to be short-lived. This means it only exists 
temporarily after the trader makes the sale, and the equilibrium price, Sk, will be restored at or 
before the time tk.  
 
Linear functions are assumed for both temporary and permanent market impacts, as in 
Almgren and Chriss’s framework (1999 and 2000). The permanent and temporary market 
impact functions are formulated as shown in equations [2-4] and [2-5]. 

[2 4]k k k k
k

n n ng γγ
τ τ τ

⎛ ⎞ = ⋅ = −⎜ ⎟
⎝ ⎠

 

[2 5]k k k k
k k k

n n nh ηε η ε
τ τ τ

⎛ ⎞ = + ⋅ = + −⎜ ⎟
⎝ ⎠

 

where γk and ηk are the permanent and temporary market impact coefficients, respectively. εk 
denotes the cost of selling. It is estimated as half of the bid-ask spread in the kth interval, as 
we will assume no other transaction fees. We here assume market impact coefficients and cost 
of selling are random variables that follow arithmetic random walks. For γk, and ηk, we thus 
have:   

0
1

[2 6]
k

k j
j

γγ γ σ ξ τ
=

= + −∑  

                                                 
4 With this new formulation, asset prices do not take negative values, and price fluctuation becomes proportional 
to asset price. Therefore, we could expect this formulation to more accurately reflect the price dynamics.  
5 Almgren and Chriss adopted this framework, but they formulated the sale price in a different way as shown in 
equation [2-3]. 

[ ]32   ~
1 −⎟

⎠
⎞

⎜
⎝
⎛−= − τ

k
kk

nhSS  

If the sale price is formulated using equation [2-3], there will be a problem. The sale price in the first time 
interval will be:  

⎟
⎠
⎞

⎜
⎝
⎛−=

τ
1

1
~ nhSS o

 

There is no standard deviation term in the price formulation for the first sale. It will cause a variance-missing 
problem. Therefore, equation [2-2] is adopted in this paper for the sale price formulation. 
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0
1

[2 7]
k

k j
j

ηη η σ ξ τ
=

= + −∑  

γ0 and η0 are the initial value of permanent and temporary impact coefficients. σγ and ση are 
the corresponding standard deviations. ξj  is a standard normally distributed random variable 
or Brownian motion.  
 
For the formulation of εk, we employ a standardization process. Since bid-ask spreads tend to 
be proportional to asset prices, past observations may not accurately reflect current variations. 
Bangia et al. (1999) suggested the calculation of a relative bid-ask spread, which equals the 
bid-ask spread divided by the mid-price. By conducting this calculation, the bid-ask spread is 
expressed as a proportion of the asset price, thus the current bid-ask spread variation is 
sensitive to current asset price, rather than past observations. The relative bid-ask spread, as a 
normalizing device, can improve the accuracy of the bid-ask spread variation estimation. 
Following Bangia et al.’s suggestion, the half bid-ask spread in this paper is formulated as 
shown in equation [2-8],  

0 0
1

1 [2 8]
2

k

k j
j

S εε ε σ ξ τ
=

⎛ ⎞
= + −⎜ ⎟

⎝ ⎠
∑  

where ε o  and σε  are the initial value and standard deviation of the relative bid-ask spread, 
respectively. S0 is the initial asset price. Consequently, the sale price in kth interval can be 
calculated as shown in equation [2-9]. 

( )

( )

0 0 0 0
1 1 1

0
1

1 1

11
2

[2 9]

k k k

k R R j j k
j j j

k

j kjk
j

m j
j m

S S S X x

n
n

ε

η

γ

μ τ σ ξ τ ε σ ξ τ γ

η σ ξ τ
σ ξ τ

τ

= = =

=

= =

⎛ ⎞ ⎛ ⎞
= + + − + − −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
⎛ ⎞

+⎜ ⎟
⎛ ⎞ ⎝ ⎠− − −⎜ ⎟
⎝ ⎠

∑ ∑ ∑

∑
∑ ∑

%

 

As we now have the sale price formulation in equation [2-9] for the kth interval, the total sale 
proceeds are naturally obtained by summing up this result over the whole N intervals, as 
shown in equation [2-10]. 

( )

( )

0 0 1 0 1 0 0 0 1 0 1
1 1 1 1 1

2
0

1

1 1 1 1

0 0 1 0 1 0 0 0
1 1

1 1
2 2

1 1
2 2

N N N N N

k k R k k R k k k k k
k k k k k

k

j kjN k N
j

m j k
k j m k

N N

R k k R k
k k

n S XS S x S x S X S x n X x

n
n n

XS S x S x S X S

ε

η

γ

ε

σ ξ τ μ τ ε σ ξ τ γ

η σ ξ τ
σ ξ τ

τ

σ ξ τ μ τ ε σ

− − − −
= = = = =

=

= = = =

− −
= =

= + + − − − −

⎛ ⎞
+⎜ ⎟

⎛ ⎞ ⎝ ⎠− −⎜ ⎟
⎝ ⎠

= + + − −

∑ ∑ ∑ ∑ ∑

∑
∑∑ ∑ ∑

∑ ∑

%

( )

( )

1 0 1
1 1

2
0

1
1

1 1 1

[2 10]

N N

k k k k
k k

k

j kN k N
j

j k k
k j k

x n X x

n
n X x

η

γ

ξ τ γ

η σ ξ τ
σ ξ τ

τ

− −
= =

=
−

= = =

− −

⎛ ⎞
+⎜ ⎟⎛ ⎞⎛ ⎞ ⎝ ⎠− − −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

−

∑ ∑

∑
∑ ∑ ∑

 

Consequently, transaction costs, or TC, can be derived by subtracting the total sale proceeds 
from the trader’s initial holding value, that is:    
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( )

( )

0
1

0 1 0 1 0 0 0 1 0 1
1 1 1 1

2
0

1
1

1 1 1

1 1
2 2

[2 11]

N

k k
k

N N N N

R k k R k k k k k
k k k k

k

j kN k N
j

j k k
k j k

TC XS n S

S x S x S X S x n X x

n
n X x

ε

η

γ

σ ξ τ μ τ ε σ ξ τ γ

η σ ξ τ
σ ξ τ

τ

=

− − − −
= = = =

=
−

= = =

= −

= − − + + + −

⎛ ⎞
+⎜ ⎟⎛ ⎞⎛ ⎞ ⎝ ⎠+ − +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

−

∑

∑ ∑ ∑ ∑

∑
∑ ∑ ∑

%

 

Recall that both ξk and ξj are assumed to follow standard normal distributions. Hence, their 
sum is also normally distributed and the mean and variance of transaction cost can easily be 
calculated, as shown below. 

[ ] ( )
2

0 1 0 0 0 1 0
1 1 1

1 [2 12]
2

N N N
k

R k k k
k k k

nE TC S x S X n X xμ τ ε γ η
τ− −

= = =

= − + + − + −∑ ∑ ∑  

[ ] ( )
2 4

22 2 2 2 2 2
0 1 1

1

1 [2 13]
4

N
k

R k k k
k

k n
V TC S x k X x n η

ε γ

σ
σ σ τ σ τ

τ− −
=

⎛ ⎞⎛ ⎞= + + − + −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
∑  

Under this setting, the p-th percentile liquidity adjusted VaR can be formulated as: 

[ ] [ ] [2 14]clLVaR E TC V TCα= + −  

where cl denotes the confidence level for the LVaR estimation, and αcl is the corresponding 
percentile of the standard normal distribution. As expressed, LVaR measures a possible loss 
with a given position, taking into consideration both market risk conditions and liquidity 
effects.  
 
The optimal trading strategy could be derived by minimizing the LVaR. The MP formulation 
of this optimization problem is thus written as: 

[ ] [ ]

1

1

1

min

.

,..., 0.

k
cln

N

k j
j k

N

k
k

N

E TC V TC

s t x n

X n

n n

α

= +

=

+

=

=

≥

∑

∑

 

3 Case Study and Numerical Examinations  
In this chapter, numerical examinations6 are conducted for three different models: 

• The first model takes Almgren and Chriss’s original formulation7 (1999 and 2000).  
• The second model is based on our proposed extension but without incorporating 

randomness on both the bid-ask spread and the market impact coefficients.8 

                                                 
6 The calculation of LVaR in this paper is conducted by using the fmincon function in the Matlab Optimization 
Toolbox. 
7 As explained in the previous section, Almgren and Chriss’s model (1999 and 2000) has the missing-variance 
problem. This has to be corrected to run a proper numerical examination. The mean and variance of the 
transaction cost in this numerical examination is calculated by using the corrected equations shown below.  

[ ] [ ]2 2 2 2
1 1

1 1 1

1 1 ;
2 2

N N N

k k k
k k k

E T C X x X n V T C xηγ α τ ε γ σ τ
τ− −

= = =

⎛ ⎞= − + + − =⎜ ⎟
⎝ ⎠

∑ ∑ ∑  
8 For the second model, the mean and variance of the transaction cost is calculated as shown below. 

[ ] [ ]2 2 2 2 2
0 1 0 1

1 1 1

1 1 ;
2 2

N N N

R k k R k
k k k

E TC S x X X n V TC S xημ τ γ ε γ σ τ
τ− −

= = =

⎛ ⎞= − + + + − =⎜ ⎟
⎝ ⎠

∑ ∑ ∑  
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• The third and final model is based on the complete formulation with the incorporation 
of randomness on both the bid-ask spread and the market impact coefficients, as 
presented in the previous section. 

 
We used data on JP Morgan’s stock to conduct the numerical examinations9. Comparison 
between Almgren and Chriss’s original formulation (model one) and our model two, in which 
we exclude randomness on bid-ask spread and liquidity market coefficients, is aimed at 
showing the effect of different price dynamics on LVaR estimation. The impact of 
incorporating randomness on liquidity factors (the bid-ask spread and the market impact 
coefficients) can then be seen between the results of model two and model three.  
 
The holding period, T, is set to be 5 days, and we selected the time interval to be 0.5 day10. 
Thus, the total number of sales, N, is 10. Five different initial holdings are chosen for the 
numerical examinations, with the aim to observe how the initial position affects the LVaR 
calculation. A conventional VaR11 is also calculated. The confidence level is set to be 95%. 
The results are summarized in the table 3-1 below. 

Table 3-1: LVaR Calculation Results Summary 
Initial Holding (shares) 10,000,000 5,000,000 1,000,000 500,000 100,000 

Model one: Almgren and 
Chriss’s original LVaR 

formulation 

Total LVaR 9.237E+07 3.897E+07 5.963E+06 2.800E+06 5.247E+05 
LVaR per share 9.24 7.79 5.96 5.60 5.25 

LVaR Ratio 24.49% 20.66% 15.81% 14.85% 13.91% 
Model two: Extended 

LVaR formulation without 
spread and market impact 

uncertainties 

Total LVaR 2.775E+07 1.029E+07 1.283E+06 5.540E+05 8.941E+04 
LVaR per share 2.775 2.058 1.283 1.108 0.894 

LVaR Ratio 7.36% 5.46% 3.40% 2.94% 2.37% 
Model three: Extended 
LVaR formulation with 

spread and market impact 
uncertainties 

Total LVaR 3.031E+07 1.070E+07 1.310E+06 5.636E+05 8.987E+04 
LVaR per share 3.031 2.139 1.310 1.127 0.899 

LVaR Ratio 8.04% 5.67% 3.47% 2.99% 2.38% 

Conventional VaR 
calculation 

VaR per share 0.78  0.78 0.78 0.78 0.78 
VaR Ratio 2.07% 2.07% 2.07% 2.07% 2.07% 

*LVaR per share = LVaR/Initial holding;   LVaR Ratio = LVaR per share/Initial price.12 
 
As expected, the numerical results show that LVaR estimates increase when initial holdings 
increase. This is true for all three LVaR formulations. Stated otherwise, the larger the initial 
holding, the stronger the market impact will be when a trader liquidates his position. As a 
corollary, the higher will be the liquidity adjusted Value-at-Risk. This is clearly a 
characteristic that distinguishes LVaR from traditional VaR. 
 
Comparison between LVaRs of model one (Almgren and Chriss’s original formulation) and 
LVaRs of model two show that differences are significant. With an initial holding of 
1,000,000 shares for instance, Almgren and Chriss’s LVaR estimate is 5.963E+06. It 
corresponds to an LVaR ratio of 15.81%. The figure seems abnormally high compared to a 

                                                 
9 Descriptive statistics are given in Appendix 3. 
10 The selection of holding period and time interval is arbitrary. The value of LVaR is directly proportional to the length of 
time interval, and inversely proportional to the holding period.  
11 Conventional VaR is calculated by using formula: 0 ( )clVaR S μ α σ= − + . In practice, VaR is commonly 
calculated by using geometric returns and the assumption of lognormal distribution. Since the LVaR models 
presented in this paper are all based on the assumption of arithmetic random walk and normal distribution, in 
order to make the comparison consistent, this VaR calculation formula is adopted. In addition, since the time 
interval is set to be 0.5, daily VaR has been adjusted by a factor of 0.5  to make consistent comparisons.  
12 The formulation of LVaR ratio is to show percentage of loss caused by sales. It makes the comparison easier.  



© CRAG – Haute Ecole de Gestion de Genève 10 
 

traditional VaR of 2.07%. Contrarily, LVaR of model two drops to 1.283E+06, with a 
corresponding LVaR ratio of 3.40%., and offers a result that seems more realistic. The same 
conclusion is reached if one looks at the results of experiments when the initial holding is 
small. With 100,000 shares, the difference between LVaR of model two and VaR amounts to 
only 0.31%. The same is not true with the Almgren and Chriss’s LVaR formulation. Its ratio 
is much higher than the corresponding VaR ratio, with a multiple bigger than 6 (a 2.07% ratio 
for a traditional VaR versus a 13.91% ratio for the Almgren and Chriss’s LVaR). Yet, one 
would expect LVaR to be close to traditional VaR when holding is low. One should recall 
both LVaR models rest on the same formulation of market impact function. The only 
difference is found in the way price dynamics are formulated. Almgren and Chriss’s high 
LVaRs are due to the somehow “high” standard deviation of JPM’s daily price.13. However, 
high standard deviation seems inevitable if price fluctuation is formulated by a simple 
arithmetic random walk. In this respect, the price dynamic formulation we have adopted 
appears to be better suited to estimate LVaR, as the numerical results lie in a more reasonable 
range and are close to traditional VaRs when initial holdings get small.  
 
LVaR estimates of model three are slightly higher than ones generated by model two. The 
reason is obvious. By including randomness on both the bid-ask spread and the market impact 
coefficients, the variance of transactions cost, or V [TC], is enlarged. In turn, it causes an 
increase of the LVaR estimates. Of course, the bigger the initial holding is, the larger is the 
effect. When the trader is assumed to hold only 100,000 shares, LVaR estimates of models 
two and three are almost identical. When initial holding increases to 10,000,000 shares, the 
difference amounts to 0.68%.  
 
Model comparisons can also be seen quite clearly from the figure below. 

The Comparison of LVaR Ratios
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From a practical risk management point of view, this first set of results could lead one to 
believe that differences between our LVaR new formulation and a traditional VaR remains 
small, as long as the initial holding is not too big (less than 1,000,000 shares). Yet, it should 
be understood as a special case that stems from the value of the coefficients. In the table 
below for instance, both the initial values and standard deviations of the relative bid-ask 
spread and the permanent and temporary impact coefficients have been doubled14. 

                                                 
13 From the table in Appendix 3, it can be seen that the standard deviation is 4.4037. There are 700 observations, 
which contain almost three years of daily prices. In such a long time period, it is not surprising to see such a high 
standard deviation. Nevertheless, it is doubtful whether the true daily price fluctuation could be so high. 
14 Details of data inputs are given in Appendix 4 
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Table 3-2: LVaR Calculation Results of the Hypothetical Stock 
Initial Holding 10,000,000 5,000,000 1,000,000 500,000 100,000 

Total LVaR 5.011E+07 1.528E+07 1.596E+06 6.679E+05 9.958E+04 
LVaR per share 5.011  3.057  1.596  1.336  0.996  

LVaR Ratio 13.28% 8.10% 4.23% 3.54% 2.64% 
VaR Ratio 2.07% 2.07% 2.07% 2.07% 2.07% 

 
Results in Table 3-2 show that LVaR and VaR can differ significantly, even if the initial 
holding is small. Comparisons can be seen more clearly from the figure below, which shows 
LVaR ratios of both the JPM stock and the hypothetical stock and their corresponding VaR 
ratios15.  

 The Comparison of LVaR Ratios
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4 LVaR Estimation of Portfolio 
To calculate a portfolio LVaR, we must deal with the correlation effect between each asset in 
the portfolio. Here we adopt Hisata and Yamai’s assumption (2000), and make the hypothesis 
that the sale of one security does not affect the prices of the other securities in the portfolio. 
That is to say, the correlation only exists between price fundamentals, not between changes in 
prices that are only caused by transactions or selling pressure. Without this assumption, the 
LVaR calculation will then become extremely complicated. Finally, since the focus here is on 
portfolio LVaR, we assume the bid-ask spread and market impact coefficients to be constant 
to simplify the calculation.   
 
It is supposed that there are m stocks in the portfolio. The variance covariance matrix of 
arithmetic returns is expressed as: 

2 2
1 1

2 2
1

m

m m

σ σ

σ σ

⎛ ⎞
⎜ ⎟

∑ = ⎜ ⎟
⎜ ⎟
⎝ ⎠

L

M O M

L

 

2
iσ  denotes the variance of the stock i’s return, and 2

ijσ  denotes the covariance of the stock i 
and j’s returns. Applying Cholesky’s decomposition on this variance covariance matrix, the 
lower triangular matrix A can be calculated as:  

                                                 
15 Since the hypothetical stock has the same price and return data inputs with JPM. Their VaR ratios are the 
same. 
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We again fix the holding period of the portfolio to be T. Assuming the same return generating 
process as before, the actual sale price of stock i at the kth time interval can be expressed as: 
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where ξ1, j … ξm, j  are mutually independent standard Brownian motions with mean zero and 
variance one. Thus, the total sales value of the whole portfolio can be calculated as shown 
below.  
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Subtracting equation [4-2] from the initial value of the portfolio, the transaction cost is thus 
equal to:  
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From equation [4-3], the mean and variance of the transaction cost of this portfolio are easily 
calculated as: 
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Finally, the liquidity adjusted VaR can be formulated in the same way as shown in equation 
[2-14], and the MP formulation of this optimization problem then becomes: 
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where the optimal trading strategy is no longer a vector but a m N×  matrix as show below.  
1,1 1,
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As long as the number of stocks in the portfolio is small, the optimal solution could be easily 
generated with a high computing efficiency. However, in practice, a portfolio could contain 
many assets. The number of variables in the objective function (that equals m N× ) can then 
become quite large. In that case, generating an optimal solution quickly gets difficult, and the 
computing efficiency is low16. To overcome this obstacle and make the methodology 
applicable in practice, we suggest the following approximation method and test for its degree 
of accuracy.  
 
It is assumed that the optimal trading strategy derived by the portfolio LVaR model does not 
diverge much from the optimal derivation in the single asset LVaR model. If this assumption 
holds, the following approximation procedure could be done:  

• First, the single asset LVaR model is adopted to generate optimal trading strategy for 
each asset in the portfolio. 

• Second, the mean and variance of the transaction cost is calculated by substituting the 
optimal trading strategies into equations [4-4] and [4-5]. 

• Third, the approximate LVaR of the portfolio could be calculated by substituting the 
mean and variance calculated in the first two procedures into the equation [2-14]. 

Needless to mention, the assumption is strong. The correlation between stock returns should 
influence the optimal trading strategy. However, as long as this approximation method does 
not show a significant error, it could be regarded as accurate enough to substitute the portfolio 
LVaR calculated by the proper model presented above.  
 
To test this assumption, we performed a simple numerical examination by limiting the 
number of assets in the portfolio. We then estimated the portfolio LVaR generated by both the 
proper method and the approximated method. Finally, we compared the results by changing 
the correlation coefficients between assets with the aim to examine the sensitivity of the error 
term.  
 
Suppose a portfolio consists of two stocks—JP Morgan and Citigroup (descriptive statistics 
are given in Appendix 1)—with initial holdings of 10,000,000 and 20,000,000 shares 
respectively17. Once again, we fix the holding period to be 5 days, and the length of time 

                                                 
16 The calculation of LVaR in this paper is conducted by using Matlab Optimization Toolbox. When the number 
of variables is large, it may reach the maximum number of iterations allowed in the estimation process, and 
make the convergence more difficult.  
17 The initial holdings that we choose for all the numerical examinations in this section are purposely very large. 
With significant holding, errors caused by approximation method should be more easily detectable.  
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interval to 0.5 day. Inputting these data into the model, portfolio LVaRs are calculated by 
changing the correlation coefficient from 1 to -1. Numerical results are shown in the table 4-1.  

Table 4-1: Portfolio LVaR calculated by proper model vs. Approximated 
Portfolio LVaR 

Correlation Coeff. LVaR (proper model) Ratio LVaR (approx. model) Ratio Ratios Diff. 
1 75,459,398 10.01% 75,459,930 10.01% 0.00% 

0.75 73,547,572 9.75% 73,551,650 9.75% 0.00% 
0.5 71,482,803 9.48% 71,502,059 9.48% 0.00% 
0.25 69,224,803 9.18% 69,274,169 9.19% 0.01% 

0 66,711,747 8.85% 66,811,330 8.86% 0.01% 
-0.25 63,839,596 8.46% 64,018,490 8.49% 0.02% 
-0.5 60,405,609 8.01% 60,711,331 8.05% 0.04% 

-0.75 55,887,254 7.41% 56,419,623 7.48% 0.07% 
-1 45,373,871 6.02% 47,582,770 6.31% 0.29% 

Recall that for the approximation method to be applied, the optimal trading strategy first 
needs to be run for each single asset. These results are shown in Table 4-2.  

Table 4-2: Optimal Trading Strategies Generated by single asset LVaR model 
Time Period 1 2 3 4 5 

JPM 1,513,574 1,336,118 1,186,567 1,062,120 960,327 
Citi group 2,542,370 2,367,389 2,214,889 2,083,498 1,972,006 

Time Period 6 7 8 9 10 
JPM 879,098 816,700 771,754 743,242 730,499 

Citi group 1,879,366 1,804,691 1,747,257 1,706,503 1,682,030 

 
Based on these optimal trading strategies, the approximated portfolio LVaR could then be 
calculated by following the approximation procedure as presented above. Results are shown 
in the fourth and fifth columns of Table 4-1.  
 
Interestingly enough, we first note that the portfolio LVaR calculated by both the proper 
model and the approximation method increased with the correlation coefficient. Inversely, the 
LVaR estimates are the lowest when the correlation is -1. This fits with general portfolio 
theory. We can then note that the two methods of estimation do not show sizeable differences. 
As expected, the approximate portfolio LVaR is higher than the portfolio LVaR calculated by 
the proper model, as the former fails to incorporate any diversification effect into the optimal 
trading strategy. Yet, results show that differences are almost negligible when the correlation 
coefficient is positive and close to one. As the correlation coefficient turns out to be negative, 
the error term increases. This is because the optimal trading strategies for a single asset and a 
portfolio tend to diverge more and more as the correlation coefficient decreases. However, it 
clearly remains within an acceptable range. The maximum difference amounts to 0.29% only 
while both LVaRs are exceeding 6%.  
 
To further test the accuracy of the approximation method, we conducted another experiment 
by adding two stocks to the portfolio, UBS and Bank of America (BoA), with initial holdings 
of 10,000,000 for both (Data inputs can be seen in Appendix 4). Other conditions are the 
same. Finally, we set six arbitrary correlation coefficient matrixes18 shown in Table 4-3.  

                                                 
18 In order to better detect the accuracy of the approximation method, we choose extreme values for the 
correlation coefficient matrixes to conduct the examination.  
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Table 4-3: Correlation Coefficient Matrixes 
Index 1 JPM Citigroup UBSN BoA Index 2 JPM Citigroup UBSN BoA 

JPM 1 1 1 1 JPM 1 0 0 0 
Citigroup 1 1 1 1 Citigroup 0 1 0 0 

UBSN 1 1 1 1 UBSN 0 0 1 0 
BoA 1 1 1 1 BoA 0 0 0 1 

Index 3 JPM Citigroup UBSN BoA Index 4 JPM Citigroup UBSN BoA 
JPM 1 -1 -1 -1 JPM 1 -1 1 -1 

Citigroup -1 1 1 1 Citigroup -1 1 -1 1 
UBSN -1 1 1 1 UBSN 1 -1 1 -1 
BoA -1 1 1 1 BoA -1 1 -1 1 

Index 5 JPM Citigroup UBSN BoA Index 6 JPM Citigroup UBSN BoA 
JPM 1 -1 0 -1 JPM 1 1 -1 0 

Citigroup -1 1 0 1 Citigroup 1 1 -1 0 
UBSN 0 0 1 0 UBSN -1 -1 1 0 
BoA -1 1 0 1 BoA 0 0 0 1 

 
Numerical results are presented in Table 4-4, and the optimal trading strategy generated by 
the single asset LVaR model for each of the four stocks is shown in Appendix 5.  

Table 4-4: Portfolio LVaR calculated by proper model vs. Approximated 
Portfolio LVaR 

Correlation Coeff.  
Matrix Index LVaR (proper model) Ratio LVaR (approx. model) Ratio Ratios Diff. 

1 81675107 3.71% 81755935 3.71% 0.00% 
2 59171763 2.69% 59759692 2.71% 0.03% 
3 58449533 2.65% 61755801 2.80% 0.15% 
4 42060797 1.91% 45658858 2.07% 0.16% 
5 53526271 2.43% 55360480 2.51% 0.08% 
6 42263030 1.92% 44587919 2.02% 0.11% 

 
Results are close to the ones previously obtained. When assets’ prices are positively 
correlated, errors are almost negligible. When correlation coefficients are negative, the errors 
tend to increase, yet remain marginal. In our examples, the maximum is reached at the index 4 
matrix with an LVaR ratio difference of 0.16%. The four assets portfolio LVaR is 1.91%. Its 
approximation yields 2.07%. Clearly, even if it deserves further analysis and research, the 
suggested approximation method shows a high potential for practical application.  
5 Conclusion 
This paper presents a simple but practical framework for the calculation of liquidity adjusted 
value at risk (LVaR). Relaxing some restrictive assumptions of Almgren and Chriss (1999 
and 2000), we propose a robust way to estimate possible losses stemming from exiting 
positions when both adverse market conditions and liquidity effects are taken into 
consideration. Overall, our numerical results indicate that our model significantly improves 
the estimation of LVaR. We also developed the portfolio LVaR model and suggested an 
approximation technique that has a clear, practical application.  
 
Yet, LVaR models still remain in their infancy, calling for further research that we envision 
going into three main directions.  
 
First is the estimation of market resiliency. If tightness and market depth can be captured, 
market resiliency remains a concept more difficult to grasp, and therefore more difficult to 
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estimate. However, resiliency is an important factor for liquidity risk modeling, and especially 
for LVaR estimation. Indeed, it directly relates to the choice of the length of time intervals 
between each sale. The model presented in this paper is a discrete-time model. It requires the 
time interval to be determined externally. A short time interval could reduce LVaR. However, 
a short interval may not be able to guarantee restoration of equilibrium. On the contrary, a 
long time interval could guarantee that the price reaches equilibrium, yet, LVaR will be 
enlarged. Therefore, to make an accurate estimation for LVaR, it is important to choose a 
proper length for the sale interval, which highlights the significance of the market resiliency 
estimation.  
 
Second is the formulation of market impact functions. How to formulate the market impact 
functions more accurately is not a new issue. It heavily affects the accuracy of the whole 
LVaR estimation. Nevertheless, it is the weakest or most questionable part of the whole LVaR 
calculation. In this paper, we have assumed that functions are linear, which is commonly 
adopted in most research. Yet, if there are more accurate methods to estimate the market 
impact functions (e.g. a power law function to formulate nonlinear market impact functions as 
in Jarrow and Subramanian (2001) and Almgren (2003)) there is a need to find the right 
balance between accuracy and complexity.  
 
Third and finally, further research is needed as far as portfolio LVaR calculation is concerned. 
The portfolio LVaR model presented in this paper could only be conducted with high 
efficiency when the number of assets was relatively small. The approximation method we 
propose greatly simplifies LVaR computation, and its results indicate that errors remain 
negligible. However, approximation errors increase when risky assets are negatively 
correlated. Further research should thus be conducted and other methods could be proposed 
and tested. Along this line, backtested results should help when analyzing the accuracy of the 
solution we proposed as well. Indeed, using intraday market prices and measuring the realized 
sale proceeds of trading strategies will put ex-ante LVaR into real market conditions and 
allow for better assessment of the accuracy of its estimates.     
 
Last, but not least, it remains worthwhile concluding that LVaR, as traditional VaR, remains a 
relevant risk metric under normal market conditions. No accurate LVaR could be estimated if 
markets crunch and liquidity completely dries up.  
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Appendix  
Appendix 1 Data Inputs for Numerical Examination of Single Asset LVaR Model 
JP Morgan’s daily stock data from September 13, 2005 to June 24, 2008 are chosen to 
perform the numerical examinations. There are 700 observations. For the estimation of 
temporary and permanent market impact coefficients, Almgren and Chriss didn’t propose a 
specific method. They assumed that: 
· For the temporary market impact, trading each 1% of the daily volume incurs price 
depression of one bid-ask spread. 
· For the permanent market impact, trading 10% of the daily volume will cause a significant 
influence to the price, and incur price depression of one bid-ask spread. 
 
Numerical examinations conducted in this chapter follow these assumptions for simplicity19. 
Therefore, the temporary and permanent market impact coefficients are calculated as shown 
in equations [A1] and [A2], respectively.  

[ 1]
1%

bid ask spreadtemporary impact coefficient A
volume

=
×

 

[ 2]
10%

bid ask spreadpermanent impact coefficient A
volume

=
×

 

The details of data inputs are summarized in the table below. 

The Summary of Data Input 
Asset Price Initial value 37.72 

Standard Dev 4.4037 

Return Mean value 3.015E-04 
Standard Dev 1.796E-02 

Bid-ask Spread Initial value 0.05 
Standard Dev 0.0381 

Relative Bid-ask Spread Initial value 1.326E-03 
Standard Dev 8.430E-04 

Permanent Impact Coefficient Initial value 5.3443E-08 
Standard Dev 5.5987E-08 

Temporary Impact Coefficient Initial value 5.3443E-07 
Standard Dev 5.5987E-07 

Drift 0.0051 

 

 

 

 

 

 

 

 

                                                 
19 The estimation of permanent and temporary market impact coefficients is a complicated issue. The specific 
methodology can be found in Holthausen, Leftwich, and Mayers’s paper, “The Effect of Large Block 
Transactions on Security Prices: A Cross-Sectional Analysis” (1987) and “Large-Block Transactions, the Speed 
of Response, and Temporary and Permanent Stock-Price Effects” (1990). The estimation requires separated 
seller-initiated data and buyer-initiated data. Due to the limited access to the data source, the accurate estimation 
could not be performed in this paper. Since this paper focuses on the LVaR modeling, not the estimation of 
market impact coefficients, Almgren and Chriss’s simple assumption is adopted to conduct all the numerical 
examinations in this paper.  
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Appendix 2 Data Inputs of the Hypothetical Stock  

The Summary of Data Input 
Asset Price Initial value 37.72 

Standard Dev 4.4037 

Return Mean value 3.015E-04 
Standard Dev 1.796E-02 

Relative Bid-ask Spread Initial value 2.652E-03 
Standard Dev 8.430E-04 

Permanent Impact Coefficient Initial value 1.07E-07 
Standard Dev 1.12E-07 

Temporary Impact Coefficient Initial value 1.07E-06 
Standard Dev 1.12E-06 

Appendix 3 Data Inputs for the Examination of the Portfolio LVaR Model (Two assets) 

The data for JP Morgan and Citigroup were collected from September 13, 2005 to June 24, 
2008. There are 700 observations each. The details of the data inputs are summarized in the 
table below. 

The Summary of Data Input 
Asset Price Initial value 37.72 18.85 

Standard Dev 4.4037 10.3909  

Return Mean value 3.015E-04 -1.063E-03 
Standard Dev 1.796E-02 1.923E-02 

Bid-ask Spread Initial value 0.05 0.07 
Standard Dev 0.0381 0.0347  

Permanent Impact Coefficient Initial value 5.3443E-08 3.0466E-08 
Standard Dev 5.5987E-08 2.0689E-08 

Temporary Impact Coefficient Initial value 5.3443E-07 3.0466E-07 
Standard Dev 5.5987E-07 2.0689E-07 

 

Appendix 4 Data Inputs for the Examination of the Portfolio LVaR Model (Four Assets) 
Stock JPM Citigroup UBSN BAC 

Asset Price Initial value 47.66 50.8 67.035 54.85 
Standard Dev 3.9496 1.6927 5.8325 3.6973 

Return Mean value 1.1696E-03 4.3297E-04 1.2232E-03 8.7458E-04 
Standard Dev 1.0457E-02 8.3561E-03 1.3462E-02 8.2245E-03 

Bid-ask Spread Initial value 0.04 0.03 0.05 0.04 
Standard Dev 0.0134 0.0140 0.1261 0.0172 

Relative Bid-ask 
Spread 

Initial value 8.3928E-04 5.9055E-04 7.4588E-04 7.2926E-04 
Standard Dev 3.2083E-04 2.9261E-04 2.1714E-03 3.6209E-04 

Permanent Impact 
Coefficient 

Initial value 2.0708E-08 1.7445E-08 6.5757E-08 4.7983E-08 
Standard Dev 2.0677E-08 1.8821E-08 2.9793E-07 2.0953E-08 

Temporary Impact 
Coefficient 

Initial value 2.0708E-07 1.7445E-07 6.5757E-07 4.7983E-07 
Standard Dev 2.0677E-07 1.8821E-07 2.9793E-06 2.0953E-07 

Appendix 5 Optimal Trading Strategies Generated by Single Asset LVaR Model 
Period JPM Citi UBSN BoA 

1 1726490 1770824 1558344 1366762 
2 1409624 1435472 1270043 1226811 
3 1196624 1213566 1120914 1119264 
4 1040399 1050586 1023122 1034888 
5 921990 925579 951359 968308 
6 832481 829008 895105 916199 
7 766987 755772 848996 876368 
8 722394 702737 809946 847251 
9 696347 667691 776058 827638 

10 686665 648765 746112 816510 
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